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Fullerene polyhedra of icosahedral symmetry have the midpoints of their 12
pentagonal faces at the vertices of a macroicosahedron and can be characterized by
the patterns of their hexagonal faces on the (triangular) macrofaces of this macroico-
sahedron. The numbers of the vertices in fullerene polyhedra of icosahedral symmetry
satisfy the Goldberg equation v = 20(h2 + hk + k2), where h and k are two integers
and 0 < h � k � 0 and define a two-dimensional Goldberg vector G = (h, k). The
known tripling (leapfrog), quadrupling (chamfering), and septupling (capra) transfor-
mations correspond to the Goldberg vectors (1, 1), (2, 0), and (2, 1), respectively. The
tripling and quadrupling transformations applied to the regular dodecahedron generate
achiral fullerene polyhedra with the full Ih point group. However, the septupling trans-
formation destroys the reflection operations of the underlying icosahedron to generate
chiral fullerene polyhedra having only the I icosahedral rotational point group. Gen-
eralization of the quadrupling transformation leads to the fundamental homologous
series of achiral fullerene polyhedra having 20n2 vertices and Goldberg vectors (n, 0).
A related homologous series of likewise achiral fullerene polyhedra having 60n2 verti-
ces and Goldberg vectors (n, n) is obtained by applying the tripling transformation to
regular dodecahedral C20 to give truncated icosahedral C60 followed by the generalized
operations (as in the case of quadrupling) for obtaining homologous series of fullerenes.
Generalization of the septupling (capra) transformation leads to a homologous series
of chiral C20m fullerenes with the I point group and Goldberg vectors G = (h, 1) where
m = h2 + h + 1.
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1. Introduction

Fullerenes are allotropes of carbon based on closed polyhedra contain-
ing only pentagonal and hexagonal faces. Each vertex of a fullerene polyhe-
dron contains an sp2 hybridized carbon atom so that all vertices have degree 3.
Elementary topological considerations [1] indicate that all fullerene polyhedra
have exactly 12 pentagonal faces but may have any number of hexagonal faces.
In fullerenes of icosahedral symmetry (I or Ih) the midpoints of the 12 pentagonal
faces form a large regular icosahedron, called the underlying macroicosahedron.

In 1937 Goldberg [2] showed that the numbers v of vertices in polyhedra of
icosahedral symmetry can be related to two integers h and k(0 < h � k � 0) by
the following equation, conveniently called the Goldberg equation:

v = 20(h2 + hk + k2) = 20m. (1)

The integers h and k in the Goldberg equation can be considered as components
of a two-dimensional vector (h, k), hereafter called the Goldberg vector, G, and
the variable m is the vertex multiplication factor.

The applicability of the Goldberg equation to fullerene polyhedra having
icosahedral symmetry was first recognized in 1986 [3, 4] shortly after the discovery
of C60. Subsequently, a spiral construction was developed for the construction of
such fullerenes of icosahedral symmetry based on the Goldberg equation and
corresponding Goldberg vectors [5]. This paper explores the relationships of the
Goldberg vector to various ways for the construction of fullerene polyhedra from
smaller polyhedra that multiply the number of vertices, and hence the number of
carbon atoms in the corresponding fullerene, by a small integer, typically 3, 4,
and 7. Our approach indicates quite clearly which fullerenes are achiral with full
icosahedral point group symmetry Ih and which fullerenes are chiral with only I
point group symmetry.

2. Background

Consider the use of the C20 regular dodecahedron to generate fullerene
structures by multiplication by factors, m, determined by the Goldberg vector
G = (h, k) and equation (1). The initial regular dodecahedron corresponds to
the “identity” Goldberg vector G = (1, 0). This identity Goldberg vector sim-
ply relates to the dual transformation of an underlying macroicosahedron into a
dodecahedron. Other transformations of the regular dodecahedron giving larger
Goldberg polyhedra can be characterized by the pattern of hexagons in a face of
the underlying macroicosahedron. Since an icosahedron has 20 faces, each hexa-
gon in a face of the underlying macroicosahedron corresponds to 20 hexagons
in the corresponding fullerene polyhedron. Similarly, since an icosahedron has
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Figure 1. A corannulene unit showing the pentagon edges as bold lines and circles inside the
hexagons.

30 edges, each hexagon on an edge corresponds to 30 hexagons in the corre-
sponding fullerene polyhedron.

The fullerenes of interest corresponding to the most stable fullerenes sat-
isfy the so-called isolated pentagon rule [6] (IPR) so that each pentagon must be
surrounded by five hexagons to form a so-called corannulene unit (figure 1). In
figure 1 and subsequent figures, the edges of the pentagon in a corannulene unit
are bold for clarity and each corannulene hexagon is indicated by an internal
circle. In the other figures hexagons without internal circles are not part of any
corannulene units.

3. Achiral icosahedral fullerenes (Ih point group)

The two smallest non-identity Goldberg vectors GLe = (1, 1) ⇒ m = 3 and
GQ = (2, 0) ⇒ m = 4 correspond to the tripling (leapfrog) [7–9] and quadrupling
(chamfering) [10–12] transformations, respectively, which are the basis for fun-
damental processes generating all possible achiral icosahedral fullerenes. When
applied to the dodecahedral C20 they generate C60 and C80, respectively; C60
corresponds to the familiar truncated icosahedral fullerene whereas C80 is known
in the form of some endohedral derivatives [13] such as La2@C80. Figure 2
shows the decoration of a face of the underlying macroicosahedron with hexa-
gons for both the leapfrog and quadrupling transformations.

The leapfrog transformation used to generate C60 from C20 is characterized
by a single hexagon in each face of the underlying macroicosahedron. Since the
macroicosahedron has 20 faces, this transformation generates the 20 hexagonal
faces found in the C60 structure. Furthermore each hexagonal face in C60 is part
of three corannulene units. The leapfrog transformation adds the minimum num-
ber of hexagons to a regular dodecahedron so that no two pentagons have any
edges in common. Therefore, C60 is the smallest fullerene that satisfies the iso-
lated pentagon rule.

The quadrupling (chamfering) transformation used to generate C80 from
C20 is characterized by a single hexagon on each edge of the underlying mac-
roicosahedron. Since the macroicosahedron has 30 edges, this transformation
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C60:  m = 3
Leapfrog
transformation
GLe = (1, 1)

C80: m = 4
Quadrupling
transformation
GQ = (2, 0)

Figure 2. The patterns of hexagons on one of the 20 faces of the underlying macroicosahedron for
the leapfrog and quadrupling transformations.

generates the 30 hexagonal faces found in the C80 structure. Each of these
hexagonal faces of C80 is part of two corannulene units. In both the tripling
and quadrupling transformations the altitudes of the (triangular) faces of the
underlying macroicosahedron (dashed lines in figure 2) are symmetry planes so
that these transformations, as well as combinations thereof, preserve the full
Ih symmetry of the original dodecahedron leading to achiral polyhedra. In the
leapfrog transformation the altitudes of the faces of the underlying macroicosa-
hedron bisect the edges of the pentagonal faces. However, in the quadrupling
transformation these altitudes pass through the pentagonal vertices.

The quadrupling transformation can be generalized to a series of analogous
transformations with n hexagons on each edge of the underlying macroicosa-
hedron. This generates the fundamental homologous series of C20n2 fullerenes
described by the Goldberg vectors G = (n, 0). One of the 20 macroicosahedral
faces of each of the first three members of the fundamental homologous series
is depicted in figure 3. Again the altitudes of the macroicosahedral faces (dashed
lines in figure 3) generate a symmetry plane so that these structures have full
icosahedral (Ih) symmetry. These altitudes pass through the pentagonal vertices
as is the case for the simple quadrupling transformation.

A second homologous series of fullerenes of general formula C60n2 with
the Goldberg vectors (n, n) can be obtained by first applying the leapfrog
transformation to the regular dodecahedron followed by the operations of the
fundamental homologous series analogous to those in figure 3. This effectively
corresponds to applying the operations of the fundamental homologous series to
the truncated icosahedral C60 rather than to the dodecahedral C20 so that this
homologous series of icosahedral fullerenes has the general formula C60n2 . One
of the 20 macroicosahedral faces of the first two members of this homologous
series beyond C60, namely C240 and C540 with Goldberg vectors (2, 2) and (3, 3),
respectively, is depicted in figure 4. The altitudes of the macroicosahedral faces
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C180: m = 9
G = (3, 0)
f 6 = 20 + 2(30) = 80

C320: m = 16
G = (4, 0)
f 6 = 3(20) + 3(30) = 150

C500: m = 25
G = (5, 0)
f 6 = 6(20) + 4(30) = 240

Figure 3. The patterns of hexagons on a face of the underlying macroicosahedron for the first three
members of the fundamental homologous series C20n2 of icosahedral fullerenes [G=(n, 0); m =n2].

(dashed lines in figure 4) represent symmetry planes so that full icosahedral
symmetry Ih is preserved leading to an achiral structure. These altitudes bisect
edges of the pentagonal faces as in the simple leapfrog transformation. The
molecular orbitals of the members of this C60n2 homologous series have been of
some interest [14, 15].

4. Chiral icosahedral fullerenes (I point group)

The smallest Goldberg vector not leading to an achiral fullerene is
GCa = (2, 1) with a vertex multiplication factor of seven corresponding to
the recently discovered [9, 16, 17] septupling or capra transformation. Figure 5
shows the pattern of hexagons on a face of the underlying macroicosahedron
after a septupling transformation. The septupling transformation has the follow-
ing distinctive features:

(1) It is the simplest transformation that preserves icosahedral rotational
symmetry but destroys all reflection operations thereby leading to the
chiral point group I. Note that the altitudes of the triangular faces are
not symmetry planes.

(2) Each hexagon in the polyhedron resulting from the septupling trans-
formation is part of exactly one corannulene unit. There are thus no
“extra” hexagons that do not belong to some corannulene unit.
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C240: m = 12
G = (2, 2)
f6  = 4(20) + 30 = 110

C540: m = 27
G  = (3, 3)
f6  = 10(20) + 2(30) = 260

Figure 4. The patterns of hexagons on a face of the underlying macroicosahedron for the second
and third members of the homologous series C60n2 of icosahedral fullerenes [G = (n, n);

m = 3n2].

C140: m = 7

G= (2, 1) 
f6  = 3(20) = 60

Figure 5. The patterns of hexagons on a face of the underlying macroicosahedron for the septupling
(capra) transformation.

Since there are three hexagons in each face of the underlying macroicosahedron
of the septupling transformation, the C140 icosahedral polyhedron generated
from the C20 dodecahedron by the septupling process necessarily has 3(20) = 60
hexagonal faces.

The septupling transformation can be generalized to give a homologous
series of chiral icosahedral fullerenes of general formula C20m , where m = h2+
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C260: m = 13
G = (3, 1)
f6 = 6(20) = 60

C420: m = 21
G = (4, 1)
f6 = 10(20) = 200

Figure 6. The patterns of hexagons on a face of the underlying macroicosahedron for the second
and third members of the chiral homologous series C20m of icosahedral fullerenes [G = (h, 1);

m = h2 + h + 1].

h +1 (h integer) with a Goldberg vector G=(h, 1). The multiplication factors m
found in this series are m = 7, 13, 21, 31, 43, 57, 73, 91, 111, 133, . . . The patterns
of hexagons on the macroicosahedral faces of the second and third members of
this chiral homologous series are given in figure 6.

5. Summary and outlook

The analysis in this paper describes the patterns of hexagons on the faces
of the underlying macroicosahedron for the simplest series of fullerene polyhedra
having icosahedral symmetry. This includes all of the possible achiral fullerenes
having the full icosahedral point group Ih and Goldberg vectors of the types
G = (n, 0) and (n, n) using the tripling (leapfrog) and quadrupling (chamfering)
transformations. In addition a homologous series of chiral fullerenes having the
icosahedral rotational group I and the Goldberg vectors G = (n, 1) is gener-
ated based on the septupling (capra) transformation. Similar methods to those
outlined in this paper could undoubtedly be developed for generating larger chi-
ral fullerenes having icosahedral rotational symmetry I and Goldberg vectors
G = (h, k)(h �= k; h � 2; k � 2).
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